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Introduction
The purpose of this paper is the study of two extensions of a completely regular ordered space eX, T, "S). On the one hand, the Nachbin ordered compactification .Nt X, T,~) and on the other, the ordered realcompactilication "J?( X, T, ,,::),which we introduce and which coincides with the Hewitt rcalcornpactification when the order is discrete. Both of these constructions are obtained as "ordered nonstandard hulls". The Nachbin order compactification arises from the nonstandard extension *X of X and the order realcompactification from the set /Y of prenearstandard points of *X.
In the classical theory of rings of continuous functions, the points of the Stonetech compactification and of the Hewitt realcompactification are intimately connected with the maximal ideals of the rings of hounded continuous C,,( X, IR) and continuous C(X, IR) real-valued functions defined on X. In the ordered case let Ch(X, IR) and CI(X, IR) denote the sets of functions from e,,( X, iR) and C(X, IR), Let Ab(X,IR) and A(X,IR) denote the smallest suhrings of e,,(X,IR) and C(X, IR) which contain C),(X, IR) and C· (X, IRl, rcspcct ively. We prove that the points of }f(X, T,~) and 0'2(X, T,~) completely describe the maximal ideals of Ab(X, IR) and A(X, IR), respectively.
The maximal ideals of ;\,,( .Y, iRj and A(X, IR) are also related to nonstandard points in * X and .\' and we give the exact relation in Proposition 4.3 and Corollary 4.6. For the nonordered case, which presents features essentially different from the ordered one, we mention the work of Dyre [3] .
Our work also enables us to give a characterization of the completely regular ordered spaces which are closed subspaces of products of copies of (IR, 7, <), the real line with the usual topology and the usual order. This characterization answers a question raised by Choe and Hong [2] .
The methods used in the paper are topological (standard) as well as nonstandard, in the belief that this interaction will prove fruitful.
For topology and the theory of rings of continuous functions, we refer to Gillman and Jerison [5] as well as Weir [12] . For ordered topological spaces and quasiuniform spaces to Nachbin [9] and to Fletcher and Lindgren [4] . The nonstandard concepts and results can be found in Hurd and Loeh [8] . We emphasize that we use systematically the saturation principle and require a set of individuals S that contains both X and IR. The degree of saturation is the larger of 2 e "" and 2 e ""'\, in particular, any polysaturated nonstandard model of S will do.
Nonstandard compactification of ordered topological spaces
Let (X, T,~) be an ordered topological space, i.e., a topological spacewith a binary relation <, reflexive, antisymmetric and transitive, whose graph is a' closed subset of X (Nachbin [9] ). Recall that the closed ness of the graph implies that the space (X, T,~) is Hausdorff. We represent the classes of continuous and bounded continuous real-valued functions defined on X by C(X, IR) and C,,(X, IR), respectively, and by CI(X, IR) and Ch(X, IR) we will denote the monotone nondecreasing functions in C(X, iR) and C,,(X, IR), respectively. Definition I.1 (Nonstandard compactification). Let cp1S C 1 (X, IR) be a family of monotone nondecreasing continuous real-valued functions defined on X We define the topological space with an additional binary relation (* X, T,~) by:
(i) *X is the nonstandard extension of X and T is the standard topology in *X (also denoted by T) [II, Section I] with basic open sets *0, where 0 is an open set in (X, T).
(
for all jEcp1 where = is the infinitesimal relation in *IR.
forallfEcp1, where *< is the nonstandard extension of the usual order < in IR into *IR. The space ('1'X, T,~) will be called the "cpT-nonstandard compactification of (X, T,~)".
The terminology "nonstandard cornpactification" arises from the fact that (*X, T) is a compact topological space containing (X, T) as a dense subspace [11, Proposition (1.5)]. (
Proof. The proof is straightforward and will be omitted. 0
Remark. Norice that the relations~and (~and 7-) in *X do not coincide, in general, with the nonstandard extensions *~and *< of~and <, respectively. First of all :S is not an order relation in *X and *~is. Concerning (~and 7-) and *<, they both are strict order relations in *X but the following example shows that they do not coincide. Let (X, T,~) be (IR, 7,~), the real line with the usual topology and usual order, and let a, {3E: *IR, be two finite nonstandard numbers such that a: *< {3and a = {3 (e.g. a = 0 and (3 any positive infinitesimal). Then, by continuity of the functions in cpT, we have *f( a) = *f({3) for allf in cp1, which means that the numbers a and {3 are not in the relation given by (~and 7-). Definition 1.3 (Prenearstandard points). Let cp1 S C 1 (X, IR). We define X s *X by X={aE*XI*j(a)E*IRF for all j s cp1}
where *IRF is the set of finite nonstandard real numbers. The points in X will be called ep T -preneatstandard points.
We shall require the following lemma. .N'(X, T,~) and on the other, the ordered realcompactification !?/leX, T,~), which we introduce and which coincides with the Hewitt realcompactification when the order is discrete. Both of these constructions are obtained as "ordered nonstandard hulls". The Nachbin order compactification arises from the nonstandard exten ion *X of X and the order realcompactification from the set X of prenearstandard point of *X.
In the classical theory of rings of continuous functions, the points of the Stonetech compactification and of the Hewitt realcompactification are intimately connected with the maximal ideals of the rings of bounded continuous Cb(X, IR) and continuous C(X, IR) real-valued functions defined on X. In the ordered case let Cl(X, IR) and ct(X, IR) denote the sets of functions from Ch(X, IR) and C(X, IR), respectively, which are monotone nondecreasi ng, in the sense that f( [3] .
Our work also enables us to give a characterization of the completely regular ordered spaces which are closed subspaces of products of copies of (IR, 7', :!5;), the real line with the usual topology and the usual order. This characterization answers a question raised by Choe and Hong [2] .
For topology and the theory of rings of continuous functions, we refer to Gillman and Jerison [5] as well as Weir [12] . For ordered topological spaces and quasiuniform spaces to Nachbin [9] and to Fletcher and Lindgren [4] . The nonstandard concepts and results can be found in Hurd and Loeb [8] . We emphasize that we use systematically the saturation principle and require a set of individuals S that contains both X and IR. The degree of saturation is the larger of 2 
Let (X, T,~) be an ordered topological space, i.e., a topological space with a binary relation'S, reflexive, antisymmetric and transitive, whose graph is a closed subset of X (Nachbin [9] ). Recall that the closedness of the graph implies that the space (X, T,~) is Hausdorff. We represent the classes of continuous and bounded continuous real-valued functions defined on X by C(X, IR) and Cb(X, IR), respectively, and by ct(X, IR) and Cl(X, IR) we will denote the monotone nondecreasing functions in C(X, IR) and Cb(X, IR), respectively. Let cpl <;; CI(X, IR) be a family of monotone nondecreasing continuous real-valued functions defined on X. We define the topological space with an additional binary relation (* X, T,~) by:
(i) *X is the nonstandard extension of X and T is the standard topology in *X (also denoted by T) [11, Section 1] with basic open sets *0, where 0 is an open set in (X, T).
(ii) Let a, 13 E *X. Put a -13 if *f(a) = *f(f3) for all fE cpl where = is the infinitesimal relation in *IR.
(iii) Let a,f3E*X.
forallfECP', where *< is the nonstandard extension of the usual order < in IR into *IR. The space (* X, T,~) will be called the "CP'-nonstandard compactification of implies (a-f3).
(ii) "-" is an equivalence relation on *X.
and 13-13') implies (a'~f3').
Remark. Norice that the relations~and (~and 7-) in *X do not coincide, in general, with the nonstandard extensions *~and *< of~and <, respectively. First of all~is not an order relation in *X and *~is. Concerning (~and 7-) and *<, they both are strict order relations in *X but the following example shows that they do not coincide. Let (X, T,~) be (IR, T,~), the real line with the usual topology and usual order, and let a, 13 E *IR, be two finite nonstandard numbers such that a *< 13 and a = 13 (e.g. a = 0 and 13 any positive infinitesimal). Then, by continuity of the functions in cpl, we have *f(a)=*f(f3)
for allfin cpl, which means that the numbers a and 13 are not in the relation given by (~and 7-).
Definition 1.3 (Prenearstandard points
). Let cpl <;: CI(X, IR). We define X <;: *X by
where *IRF is the set of finite nonstandard real numbers. The points in X will be called cp I -prenearstandard points.
We shall require the following lemma.
Lemma 1.4. Let a and 13 be points of *X such that a 7-13 and a is CI(X, IR)-
prenearstandard. Then there exists a continuous monotone non decreasing function
and *g(f3) = 0).
The proof is complete.
0
We recall the following definition of Nachbin [9, p. 52]:
Definition 1.5. Let (X, T,~) be an ordered topological pace and let cP £; i(C,IR). We say that ep i distinguishes the points and closed sets of (X, T,~) if for any x E X and any closed set F <:; X not containing x there exist two function j, g E cP uch that 0~f~1, 0~g~1,/ is nondecreasing, g is nonincreasingJ(x) = 1, g(x) = 1 and
An ordered topological space (X, T,~) is a completely regular ordered pace if it admits a family cpi <:; Ci(X, IR) which distinguishes points and clo ed et of X.
The following result establishes a connection between the monads J.t(x), x E X, of the space (X, T,~) (Hurd and Loeb [8, p. Ill]) and the equivalence cla es q(x),
x E X, under the equivalence relation -defined above.
Lemma 1.6. J.t(x) <:; q(x) for any x E X. When the family cPi distingui he points and . By contrast, it should be noted that in our context the extension of a given function f is simply the restriction of the nonstandard extension *f to the equivalence classes arising from the identification. Definition 2.1 (Nonstandard ordered hulls). Let (X, T, "S) be an ordered topological space, cPi <;; Ci (X,~) and (* X, T,~) be its nonstandard cPi -compactification (Definition 1.1).
Proof. J.t(x)
(i) Let X=X/- (2) be the corresponding nonstandard <pi-hull f the quotient topology and ,s the (order) relation in X defined by: if a, b e X, then a ,s b if IX~f3 for some a E a and f3 E b. The space (3) will be called the nonstandard cP i -hull of (X, T, "S).
(ii) For any f E cPi, we define j: X~~by j 0 q = st 0 *f where q is the quotient mapping from X onto X and "st' is the standard part mapping of *~.
Proposition 2.2 (Properties of ,s). (i) ,s is an order relation in X which is an extension oj"S in X in the sense that if x, y E X, then (q(x);; q(y)¢:>x "S y).
(ii) The following formula for the graphs is valid: Taking the standard part we obtain j(a» j(b). Let r be a real number between j(a) and j(b), i.e., j(b) < r <j(a) and define 
The algebras of functions A(X,~) and Ab(X,~)
In what follows, for the sake of simplicity and without loss of generality we shall restrict ourselves to completely regular ordered topological pace (X, T, "') (Definition 1.5), and also to cpt being CL(X, IR) or C (X, IR). In thi case X is a topological ordered subspace of X and formula (5) reduces to j(x) = f(x), x E X and the monads and the equivalence classes coincide for the standard point (Lemma 1.6).
The points of the Stone.-Cech compactification specify uniquely the maximal ideals in Cb(X, IR) and C(X, IR) (Gillman and Jerison [5, Theorems (7.2) and (7.3)]). We shall show that the points of the Nachbin compactification .H(X, T,~) and points of the nonstandard compactification (* X, T, :oS) determine maximal ideals in certain algebras of functions Ah(X, IR) and A(X, IR), which are naturally associated with ct(X, IR) and Ct(X, IR), respectively.
In this section we shall present basic properties of the algebras Ah(X, IR) and A(X, IR) and in Section 4 we describe their maximal ideals. 
(X, IR).
(ii) By A(X, R) = ce of function In 1(X, IR) -C 1(X, IR) wi II be denoted the algebra of all differen-(X, IR). 
Propo
where Cb+(X, IR) con ists of all nonnegative functions in CL(X, IR). The following example show that it is not always possible to express a monotone function as the difference of two nonnegative monotone functions, which, in particular, implies that A+(X, IR), the algebra of functions Cl+(X, IR) -Cl+(X, IR), is a proper subalgebra of A(X, IR). for all x E X and some c E IR, and let 1/f be its reciprocal function. Then:
IR). Obviously, we have l/f='P,-'P2
where 'P,=Cf2 and 'P2=cf2-1/f and these functions are continuous. Then, consider the real functions
These functions are monotone nondecreasing with respect to both x and y and, obviously, we have So, 'PI> 'P2 are monotone nondecreasing, i.e., they belong to Ci(X, IR), as compositions of monotone nondecreasing functions. Hence 1/ f E A(X, IR). Moreover, they are bounded whenever J, and f2 are bounded which means thatf E Ab(X, IR) implies l/fE Ab(X, IR). The proof is complete. 0
As for the case when the order is discrete, we have:
. If cpi is et(X, IR) or ei(X, IR), then cpr -cpt and A(X, IR) are isomorphic as algebras under the mapping f --'? J where X is the corresponding nonstandard cpi -hull of X, J is the extension off on X (Proposition 2.2) and A(X, IR)= et(.x, IR)-et(X, IR) where e i (X, IR) consists of all continuous monotone nondecreasing real-valued functions defined on X.
The proof is similar to the proof of [11, Proposition (2.14)] and will be omitted.
Maximal ideals of A(X, 1R1)and Ab(X, 1R1)
In this section we shall describe the maximal ideals of A(X, IR) and Ab(X, IR) by means of the points of the Nachbin ordered compactification N(X, T,~) and the non tandard ornpactific tion (* X, T,:;;::::) of (X, T,~). We shall present a unified de ription, whenever po sible, of A(X, IR) and A,,(X, IR) and shall use F to denote one or the other of the e algebras.
To indi ate an e sential difference between the ordered and nonordered (or di retely ord red) ituations, consider a maximal ideal M of C(X, IR). The zero et (f), f eM, are nonempty, since otherwise 1/f E C(X, IR), so 1 = (1/f) . f EM.
In the ord red ca e the following example shows that :!l(f) can be empty for some 
Proof. Only (iii) requires a proof.
(ii) shows that OVfE M when j e M. So we may a ume that f i nonnegative and show that fill E M. We first show that (f -1) v 0 E M from which it follows that f - 
Proof. Suppose M is given by (7 Then for each f E M, each g E F and each n E N the set
is not empty. For suppose not, then If(x )g(x)1~1I n for all x E X would imply that 
Moreover, if *g( 0') is finite for all g E F, then equality in (9) holds, Since M is a real ideal, we have g=c+f for some CEIR and some f « M, so that *g(a)=c, , *g(a) is finite for all g E A(X, IR), so representation (13) is equivalent to (7), which mean that M is a maximal ideal of A(X, IR). Then for any g E A(X, IR) we have g -C EM where c = st (*g(a) ). That means that M is a real maximal ideal. The proof is complete. 
Ordered realcompact spaces
In [2] Choe and Hong defined and studied the class of k-compact ordered paces, where k is an infinite cardinal and observed that the~1-compact ordered spaces are not the closed subs paces of products of copies of IR, in contrast with the discrete-order case. They raised the question of characterizing these IR-compact spaces in the category of completely regular ordered spaces.
In this section we shall define in a natural way the class of ordered realcompact spaces and show that they are precisely the closed order subspace of a product of copies of (IR, T, :S), thereby answering the question of Choe and Hong. = Cb(X, IR) (Nachbin [9]), the analogous re ult for ordered realcompact spaces is true. We first establish productivity and hereditary properties for these spaces. The method of proof is that of [10] , where it is only necessary to verify that the functions that are constructed and used in the proof are, in fact, in A(X, IR). When F is A(X, IR), then the ordered F-compact spaces are precisely the ordered realcompact spaces defined above. We obtain an algebraic characterization of ordered compact spaces when F is Ab(X, IR), in the case, as in the unordered case, all maximal ideals are real since the ordered field Ab(X, IR)/ M is Archimedean.
given by 7T(f) = 7To(fo), where fo is the restriction of f to Xo, i also an orderpreserving ring homomorphism.
By assumption, there is x E X such that 7T(f) = J(x). It remains to show that x is in Xo. Suppose not. Then, by order complete regularity, there are continuous monotone functionsf, g such that O~f~1, O~g~l,j(x) = I, g(x) = 1 and inf{f(a), g(a)} = 0 for all a in X -Xo, f i nondecrea ing and g nonincreasing.
It is easy to verify that a monotone ring homomorphi m from A(X,~) to IR is a lattice homomorphism,
Similarly, 7T(I-g)=O.
However,
to Xo which i identically I, hence Proof. Let a be a point in e [X] , where e is the canonical map e: ( , T ,,;;)( 
Ordered realcompactification
We now how that every completely regular ordered space (X, T,~) can be embedded as a dense ordered subspace of an ordered realcompact space~(X, T,~), denoted also by~X, with the property that every monotone continuous function f: (X, T,~)~(~, T,~) admits a unique extension to~(X, T, <). This universal property characterizes~(X, T,~). Proof. Let a E X and let F s; X be a closed subset not containing a. Since q<- [F] is closed in X, there is a closed set K in *X such that K n X = q<- [F] . Since (* X, T) i compact, it follows that K is compact. Let a E X be such that q(a) = a. Clearly, at. K so that a 7-{3for all {3E K. By Lemma 1. 4 The points of PAX are intimately related to the algebraic structure of A(X, IR). 
Proof. Let M be a real maximal ideal of A(X, IR). Then, (13) holds for some a EX so we obtain J( a) = 0 for a = q( a). Also a E gj'lX since a EX. Conversely, let M be defined by (14) for some a E PAx. Then J(a) = 0 is equivalent to *f(a) ==0 for any a E a and hence, by We can now prove the uniqueness of the order realcompactification. 
eX, T,~) of (X, T, ",:;).
Proof. By the above, there is a continuous monotone nondecreasing~ap .1= {a E *IR Ix *",:; a *",:; y, a >6 x, a >6 y}, so that, J = .1/ -is isomorphic to Ll,~reduces to the usual order rs in IR and T to 7.
